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a b s t r a c t
In real-world investments, one may care more about the future earnings than the current
earnings of the assets. This paper discusses the uncertain portfolio selection problemwhere
the asset returns are represented by interval data. Since the parameters are interval valued,
the gain of returns is interval valued aswell. According to the concept of themean-absolute
deviation function, we construct a pair of two-level mathematical programmingmodels to
calculate the lower and upper bounds of the investment return of the portfolio selection
problem. Using the duality theorem and applying the variable transformation technique,
the pair of two-level mathematical programs is transformed into a conventional one-level
mathematical program. Solving the pair of mathematical programs produces the interval
of the portfolio return of the problem. The calculated results conform to an essential idea
in finance and economics that the greater the amount of risk that an investor is willing to
take on the greater the potential return.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
Each of the different ways to diversify money between several assets is called a portfolio. In the portfolio selection
problem, given a set of available securities or assets, we wish to find the best way of investing a particular amount of money
in these assets. Portfolio theory and related topics are among the most investigated fields of research in the economic and
financial literature. The well-known mean variance approach of Markowitz [1,2] requires one to minimize the risk of the
selected asset portfolio, while guaranteeing a pre-established return rate and the total use of the available capital.
As the dimensionality of the portfolio selection problem increases, it becomes more difficult to solve a quadratic
programming problemwith a dense covariancematrix. Several methods have been proposed to alleviate the computational
difficulty by using various approximation schemes [3–5]. The use of the index model enables one to reduce the amount
of computation by introducing the notion of ‘‘factors’’ influencing the stock prices [6,7]. However, these efforts are
largely discounted because of the popularity of equilibrium models such as capital asset pricing model (CAPM) which are
computationally less demanding [8]. The genetic algorithm (GA), support vector machines (SVMs), and other optimization
techniques have also been adopted to solve portfolio selection problems [9–12]. Despite these and later enhancements, the
Markowitz model still offers the most general technique.
While the limits of a quadratic approximation of the utility function are acknowledged, the development of operational
procedures for constructing portfolios has been mainly hampered by computational problems. To improve Markowitz’s
model both computationally and theoretically, Konno and Yamazaki [8] proposed a portfolio selection model using a mean
absolute deviation risk function instead of Markowitz’s standard deviation risk function. Their model can tackle the difficul-
ties associated with the classical Markowitz model while maintaining its advantages over equilibriummodels. In particular,
their model can be formulated as a linear program, so that large-scale portfolio selection problems may be easily solved.
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Conventional portfolio selectionmodels have an assumption that the future condition of a stockmarket can be accurately
predicted by historical data. However, no matter how accurate the past data is, this premise will not exist in financial
markets due to the high volatility of market environments. In real-world investments, many investment firms employ
hundreds of analysts whose job is to look at company fundamentals and then project future trends, most notably future
earnings. Afterward, they issue earning estimates for companies and use these estimates as a basis for issuing reports and
recommendations on whether they think the specific stock should be bought, hold, or sold. In other words, to obtain better
returns from the portfolio, we need to care more about the future earnings rather than the current or historical earnings of
the assets.
Since the prospective returns of the assets used for portfolio selection problem are forecasted values, considerable
uncertainty is involved. One approach for dealing with uncertainty in parameters is via stochastic programming: the
variables are treated as random or stochastic variables. For a given insurer’s aspiration level of return on assets and risk
level, Li [13] employed the chance constrained programming technique to maximize the insurer’s probability of achieving
their aspiration level. Ouzsoy and Güevn [14] formulated a short-term portfolio model and proposed a robust optimization
technique to establish a balance between risk-seeking and risk-averse behaviors. Nevertheless, these twomethods only give
a point value for the problem. Another way to represent imprecise parameters in real-world applications is by intervals
[15,16]. In this case, the associated portfolio selection problem is an interval portfolio selection problem. When the
parameters are imprecise in the portfolio problem, the gain of return of the portfolio will be imprecise as well; that
is, they will lie in a range. In contrast to most previous studies, which utilize historical values of returns to derive an
optimal investment portfolio for the future, this paper proposes a solution method for the uncertain portfolio selection
problem whose imprecise parameters are expressed by intervals. According to the concept of the mean-absolute deviation
function [8], we construct a pair of two-level mathematical programming models, based on which the upper bound and
lower bound of the return from the portfolio are obtained. In other words, an interval return from the portfolio of the
uncertain portfolio selection problem is derived. This result should provide the decision maker with more information for
making decisions.
In the next section, we discuss the nature of the portfolio selection problem; this is followed by a two-level mathematical
programming formulation for finding the bounds of the interval investment reruns. Section 3 describes how to transform
the two-level mathematical program into a conventional one-level program. We then use an example to illustrate how to
apply the concept of this paper to solve the uncertain portfolio selection problem. Finally, we draw a conclusion from the
discussion.
2. The uncertain portfolio selection problem
Assume that we have n assets for possible investment and that we are interested in determining the portion of available
total fund M0 that should be invested in each of the assets during the investment periods. Let the decision variables be
denoted xj, j = 1, . . . , n, which represent the dollar amounts of funds invested in asset j. We then have the constraints∑n
j=1 xj = M0 and xj ≥ 0. Let Rj be a random variable representing the rate of return (per period) of the asset j. The expected
return (per period) of the investment is given by
r(x1, . . . , xn) = E

n−
j=1
Rjxj

=
n−
j=1
E

Rj

xj. (1)
Generally, one would diversify the investment portfolio so that funds are invested in several different assets to minimize
the investment risk. Markowitz [1,2] employed the standard deviation of the return as the measure of risk.
σ(x1, . . . , xn) =
E
 n−
j=1
Rjxj − E

n−
j=1
Rjxj
2. (2)
A rational investor may be interested in obtaining a certain average return from the portfolio at a minimum risk.
Markowitz [1,2] formulated the portfolio problem as a quadratic programming problem:
Min V =
n−
i=1
n−
j=1
σijxixj (3)
s.t.
n−
j=1
xj = M0
n−
j=1
rjxj ≥ R0
0 ≤ xj ≤ Uj, j = 1, . . . , n,
where R0 is the return in dollars and Uj is the upper bound of the investment in asset j.
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To reduce the computational burden and transaction/management costs and cut-off effects, Konno and Yamazaki [8]
introduced the absolute deviation function instead of Markowitz’s standard deviation function of the (per period) earning
out of the portfolio.
w(x) = E
 n−
j=1
Rjxj − E

n−
j=1
Rjxj


. (4)
They proved that themeasures of standard deviation and absolute deviation functions are essentially the same if (R1, . . . , Rn)
are multivariate normally distributed, and proposed an alternative portfolio problem:
Min E
 n−
j=1
Rjxj − E

n−
j=1
Rjxj


(5)
s.t.
n−
j=1
xj = M0
n−
j=1
E

Rj

xj ≥ R0
0 ≤ xj ≤ Uj, j = 1, . . . , n.
Suppose that we have historical data on each asset for the past T years, which give the price fluctuations and dividend
payments. We can then estimate the return on investment from each asset from past data. Let rjt denote the realization of
random variable Rj during period t , i.e., the total return per dollar invested in asset j during year t . Clearly, the values of rjt
are not constants; they can fluctuate widely from year to year. In addition, rjt may be positive, negative, or zero. In order to
assess the investment potential of asset j per dollar invested, we first denote rj as
rj = E

Rj
 = 1
T
T−
t=1
rjt . (6)
Thenw(x) can be approximated as
E
 n−
j=1
Rjxj − E

n−
j=1
Rjxj


= 1
T
T−
t=1
 n−
j=1
(rjt − rj)xj
 .
That is, (5) can be reformulated as follows [8]:
Min
T−
t=1
 n−
j=1
(rjt − rj)xj


T (7)
s.t.
n−
j=1
xj = M0
n−
j=1
rjxj ≥ R0
0 ≤ xj ≤ Uj, j = 1, . . . , n.
This model can be transformed into the following linear program:
Min
T−
t=1
ut/T (8)
s.t. ut +
n−
j=1
(rjt − rj)xj ≥ 0, t = 1, . . . , T ,
ut −
n−
j=1
(rjt − rj)xj ≥ 0, t = 1, . . . , T ,
n−
j=1
xj = M0
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n−
j=1
rjxj ≥ R0
0 ≤ xj ≤ Uj, j = 1, . . . , n.
We presume that we are able to roughly project the return on investment for each asset over the next several years.
Since the return on investment in the future is uncertain, we let rˆjt ∈ [RLjt , RUjt ] denote the interval of total return per dollar
invested in asset j for future year t , where RLjt and R
U
jt are the lower bound and upper bound of the return on investment
during year t . From (6), we have
rˆj = 1T
T−
t=1
rˆjt . (9)
When the returns on investment rˆjt have interval values, the parameters rˆj and objective value will also have interval
values; that is, they lie in ranges. Under such circumstances, the portfolio selection is formulated as the following linear
programming problem with interval parameters:
Min
T−
t=1
ut/T (10)
s.t. ut +
n−
j=1
(rˆjt − rˆj)xj ≥ 0, t = 1, . . . , T ,
ut −
n−
j=1
(rˆjt − rˆj)xj ≥ 0, t = 1, . . . , T ,
n−
j=1
xj = M0
n−
j=1
rˆjxj ≥ R0
0 ≤ xj ≤ Uj, j = 1, . . . , n.
In the next section,we shall develop the solutionmethod for the portfolio selection problemwith interval-valued returns.
3. Solution method
Clearly, different values of rˆjt and rˆj produce different objective values (risks). To find the interval of the objective values,
it suffices to find the lower and upper bounds of the objective values of (10). Denote R = {(rˆ)|RLjt ≤ rˆjt ≤ RUjt , RLj ≤ rˆj ≤
RUj , j = 1, . . . , n, t = 1, 2, . . . , T }. The values of rˆjt and rˆj that attain the smallest objective value (risk) can be determined
from the following two-level mathematical programming model:
V L = Min
rˆ∈R
Min
x
V =
T−
t=1
ut/T (11)
s.t. ut +
n−
j=1
(rˆjt − rˆj)xj ≥ 0, t = 1, . . . , T ,
ut −
n−
j=1
(rˆjt − rˆj)xj ≥ 0, t = 1, . . . , T ,
n−
j=1
xj = M0
n−
j=1
rˆjxj ≥ R0
0 ≤ xj ≤ Uj, j = 1, . . . , n,
where the inner-level program calculates the objective value for each rˆjt and rˆj specified by the outer-level program, while
the outer-level program determines the values of rˆjt and rˆj that produce the smallest objective value (risk). The objective
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value V L is the lower bound of the objective values (risks) for (10), and the associated return from the portfolio can be also
calculated from the derived optimal solution.
By the same token, to find the values of rˆjt and rˆj that produce the largest objective value (risk) for (10), a two-level
mathematical program is formulated by changing the outer-level program of (11) from Min to Max:
VU = Max
rˆ∈R
Min
x
T−
t=1
ut/T (12)
s.t. ut +
n−
j=1
(rˆjt − rˆj)xj ≥ 0, t = 1, . . . , T ,
ut −
n−
j=1
(rˆjt − rˆj)xj ≥ 0, t = 1, . . . , T ,
n−
j=1
xj = M0
n−
j=1
rˆjxj ≥ R0
0 ≤ xj ≤ Uj, j = 1, . . . , n.
The objective value VU is the lower bound of the objective values (risks) for (10). Similar to (11), the corresponding return
from the portfolio can be calculated from the optimal solution obtained.
When the interval data rˆjt and rˆj degenerate to point data rjt and rj, respectively, the outer-level program of (11) and
(12) vanishes, and (11) and (12) reduce to the same conventional linear program described in (8). The pair of two-level
mathematical programs in (11) and (12) clearly expresses the bounds of the objective values (risks).
To find the lower bound of the objective value (risk) of (10), it suffices to solve the two-level mathematical program
(11). Since both the inner-level program and outer-level program of (11) have the same minimization operation, they can
be combined into a conventional one-level program with the constraints of the two programs considered at the same time.
V L = Min
x
V =
T−
t=1
ut/T (13)
s.t. ut +
n−
j=1
rˆjtxj −
n−
j=1
rˆjxj ≥ 0, t = 1, . . . , T , (13a)
ut −
n−
j=1
rˆjtxj +
n−
j=1
rˆjxj ≥ 0, t = 1, . . . , T , (13b)
n−
j=1
xj = M0 (13c)
n−
j=1
rˆjxj ≥ R0 (13d)
RLjt ≤ rˆjt ≤ RUjt , j = 1, 2, . . . , n, t = 1, 2, . . . , T (13e)
RLj ≤ rˆj ≤ RUj , j = 1, 2, . . . , n
0 ≤ xj ≤ Uj, j = 1, . . . , n. (13f)
In (13a), (13b) and (13d), rˆjtxj and rˆjxj are nonlinear terms. In other words, (13) is a nonlinear program, which does not
guarantee to have a stationary point. Fortunately, the variable transformation technique can be applied to the nonlinear
terms rˆjtxj and rˆjxj. One can multiply constraint (13e) and (13f) by xj, j = 1, 2, . . . , n, and substitute rˆjtxj by ρjt and rˆjxj by
ηj, respectively. Consequently, we have the flowing linear program:
V L = Min
x
V =
T−
t=1
ut/T (14)
s.t. ut +
n−
j=1
ρjt −
n−
j=1
ηj ≥ 0, t = 1, . . . , T ,
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ut −
n−
j=1
ρjt +
n−
j=1
ηj ≥ 0, t = 1, . . . , T ,
n−
j=1
xj = M0
n−
j=1
ηj ≥ R0
RLjtxj ≤ ρjt ≤ RUjt xj, j = 1, 2, . . . , n, t = 1, 2, . . . , T
RLj xj ≤ ηj ≤ RUj xj, j = 1, 2, . . . , n
0 ≤ xj ≤ Uj, j = 1, . . . , n.
The obtained objective value V L is the lower bound of the investment risk, and the corresponding return is RL = ∑nj=1 ηj.
Since V L is the lower bound of the risk of the problem, the value RL is the lower bound of the return from the portfolio. For
risk-averse investors, they may consider the lower risk as the objective but also obtain lower returns.
Similarly, to find the upper bound of the objective value (risk) of (10), it suffices to solve the two-level mathematical
program (12). However, solving (12) is not so straightforward, because the outer-level program and inner-level program
have different directions for optimization, namely, one for maximization and another for minimization.
The dual problem of the inner-level program of (12) has the following mathematical form:
Max
w,y
M0y2T+1 + R0y2T+2 −
n−
j=1
Ujwj (15)
s.t.
T−
t=1
(rˆjt − rˆj)yt −
T−
t=1
(rˆjt − rˆj)yT+t + y2T+1 + rˆjy2T+2 − wj ≤ 0, j = 1, . . . , n,
yt + yT+t ≤ 1/T , t = 1, . . . , T ,
yt , y2T+2, wj ≥ 0, t = 1, . . . , 2T , j = 1, . . . , n, y2T+1 unrestricted in sign.
By the duality theorem, if one problem is unbounded, then the other is infeasible. Moreover, if both problems are feasible,
then they both have optimal solutions having the same objective value. In other words, (12) can be reformulated as
VU = Max
rˆ∈R
Max
w,y
M0y2T+1 + R0y2T+2 −
n−
j=1
Ujwj (16)
s.t.
T−
t=1
(rˆjt − rˆj)yt −
T−
t=1
(rˆjt − rˆj)yT+t + y2T+1 + rˆjy2T+2 − wj ≤ 0, j = 1, . . . , n,
yt + yT+t ≤ 1/T , t = 1, . . . , T ,
yt , y2T+2, wj ≥ 0, t = 1, . . . , 2T , j = 1, . . . , n,
y2T+1 unrestricted in sign.
Now, both the inner-level program and the outer-level program have the same maximization operation, so they can be
merged into a one-level program with the constraints at the two levels considered at the same time:
VU = Max
w,y
M0y2T+1 + R0y2T+2 −
n−
j=1
Ujwj (17)
s.t.
T−
t=1
rˆjt(yt − yT+t)−
T−
t=1
rˆj(yt − yT+t)+ y2T+1 + rˆjy2T+2 − wj ≤ 0, j = 1, . . . , n, (17a)
yt + yT+t ≤ 1/T , t = 1, . . . , T , (17b)
RLjt ≤ rˆjt ≤ RUjt , j = 1, 2, . . . , n, t = 1, 2, . . . , T (17c)
RLj ≤ rˆj ≤ RUj , j = 1, 2, . . . , n (17d)
yt , y2T+2, wj ≥ 0, t = 1, . . . , 2T , j = 1, . . . , n,
y2T+1 unrestricted in sign.
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The variable transformation technique can also be applied to the nonlinear terms rˆjtyt , rˆjtyT+t , rˆjyt , rˆjtyT+t , and rˆjy2T+2
contained in (17a). We can multiply constraint (17c) by yt and yT+t , t = 1, . . . , T , respectively, and substitute rˆjtyt by
ξ ′jt and rˆjtyT+t by ξ
′′
jt , individually. Likewise, constraint (17d) can be multiplied, respectively, by yt and yT+t , t = 1, . . . , T ,
and then we substitute rˆtyt byψ ′jt and rˆjyT+t byψ
′′
jt , respectively. By the same token, we can also multiply this constraint by
y2T+2 and replace rˆjy2T+2 with δj.
Via the dual formulation and variable transformation, the two-level mathematical program (12) is transformed into the
following one-level linear program:
VU = Max
ξ,ψ,δ,w,y
M0y2T+1 + R0y2T+2 −
n−
j=1
Ujwj (18)
s.t.
T−
t=1
ξ ′jt −
T−
y=1
ξ ′′jt −
T−
t=1
ψ ′jt +
T−
t=1
ψ ′′jt + y2T+1 + δj − wj ≤ 0, j = 1, . . . , n,
yt + yT+t ≤ 1/T , t = 1, . . . , T ,
RLjtyt ≤ ξ ′jt ≤ RUjt yt , j = 1, 2, . . . , n, t = 1, 2, . . . , T
RLjtyT+t ≤ ξ ′′jt ≤ RUjt yT+t , j = 1, 2, . . . , n, t = 1, 2, . . . , T
RLj yt ≤ ψ ′jt ≤ RUj yt , j = 1, 2, . . . , n, t = 1, 2, . . . , T
RLj yT+t ≤ ψ ′′jt ≤ RUj yT+t , j = 1, 2, . . . , n, t = 1, 2, . . . , T
RLj y2T+2 ≤ δj ≤ RUj y2T+2, j = 1, 2, . . . , n
yt , y2T+2, wj, δj ≥ 0, t = 1, . . . , 2T , j = 1, . . . , n,
y2T+1 unrestricted in sign.
By solving (18), we derive the objective value VU, which is the upper bound of the investment risk, and r∗j = ξ ′∗jt /y∗t =
ξ
′′∗
jt /y
∗
T+t . From the dual prices of the optimal solution, we can find the primal solutions x
∗
j . The associated return from the
portfolio is calculated as RU =∑nj=1 r∗j x∗j . An essential idea in finance and economics is that the greater the amount of risk
that an investor is willing to take on the greater the potential return. Since we obtain the upper bound of the risk VU, the
value RU is also the upper bound of the return from the portfolio. For risk lovers, they may consider obtaining higher returns
by taking a higher risk as the objective.
Together with RL derived from (14), RL and RU constitute the interval of the returns from the portfolio described in (10).
4. An example
In this section, we utilize an example to illustrate the idea of solving a portfolio selection problem with interval-valued
returns. Table 1 lists the actual returns from years 2007 to 2009 and the predicted returns of years 2010 and 2011 for three
stocks, namely, A, B, and C. Besides, the upper bound of the investment amount in each stock is set to no more than 45%
of the total available fund to dissipate the risk. Since the security returns of 2010 and 2011 are forecasted data, they are
represented as interval values. The expected returns of the three stocks are calculated as shown in the last row of Table 1.
Given a total allocation budget of 100 units and annual return of 15%, conceptually, the lower bound V L and upper bound
VU of the portfolio selection problem are formulated as follows:
V L = Min(u1 + u2 + u3 + u4 + u5)/5
s.t. u1 + 1.219x1 + 1.151x2 + 1.213x3 − (1.193, 1.223)x1 − (1.192, 1.215)x2 − (1.185, 1.211)x3 ≥ 0
u2 + 1.149x1 + 1.231x2 + 1.163x3 − (1.193, 1.223)x1 − (1.192, 1.215)x2 − (1.185, 1.211)x3 ≥ 0
u3 + 1.202x1 + 1.211x2 + 1.112x3 − (1.193, 1.223)x1 − (1.192, 1.215)x2 − (1.185, 1.211)x3 ≥ 0
u4 + (1.232, 1.313)x1 + (1.214, 1.261)x2 + (1.188, 1.262)x3 − (1.193, 1.223)x1 − (1.192, 1.215)x2
− (1.185, 1.211)x3 ≥ 0,
u5 + (1.161, 1.232)x1 + (1.152, 1.222)x2 + (1.248, 1.304)x3 − (1.193, 1.223)x1 − (1.192, 1.215)x2
− (1.185, 1.211)x3 ≥ 0,
u1 − 1.219x1 − 1.151x2 − 1.213x3 + (1.193, 1.223)x1 + (1.192, 1.215)x2 + (1.185, 1.211)x3 ≥ 0
u2 − 1.149x1 − 1.231x2 − 1.163x3 + (1.193, 1.223)x1 + (1.192, 1.215)x2 + (1.185, 1.211)x3 ≥ 0
u3 − 1.202x1 − 1.211x2 − 1.112x3 + (1.193, 1.223)x1 + (1.192, 1.215)x2 + (1.185, 1.211)x3 ≥ 0
u4 − (1.232, 1.313)x1 − (1.214, 1.261)x2 − (1.188, 1.262)x3 + (1.193, 1.223)x1 + (1.192, 1.215)x2
+ (1.185, 1.211)x3 ≥ 0,
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Table 1
Returns and expected returns of three selected stocks.
Year A B C
2007 1.219 1.151 1.213
2008 1.149 1.231 1.163
2009 1.202 1.211 1.112
2010 (1.232, 1.313) (1.214, 1.261) (1.188, 1.262)
2011 (1.161, 1.232) (1.152, 1.222) (1.248, 1.304)
Expected return (1.193, 1.223) (1.192, 1.215) (1.185, 1.211)
u5 + (1.161, 1.232)x1 + (1.152, 1.222)x2 + (1.248, 1.304)x3 − (1.193, 1.223)x1 + (1.192, 1.215)x2
+ (1.185, 1.211)x3 ≥ 0,
x1 + x1 + x3 = 100,
(1.193, 1.223)x1 + (1.192, 1.215)x2 + (1.185, 1.211)x3 ≥ 115,
0 ≤ x1, x2, x3 ≤ 45.
VU = Max 100y11 + 115y12 − 45w1 − 45w2 − 45w3
s.t. [1.219(y1 − y6)+ 1.149(y2 − y7)+ 1.202(y3 − y8)+ (1.232, 1.313)(y4 − y9)
+ (1.161, 1.232)(y5 − y10)]− [(1.193, 1.223)(y1 − y6)+ (1.193, 1.223)(y2 − y7)
+(1.193, 1.223)(y3 − y8)+ (1.193, 1.223)(y4 − y9)+ (1.193, 1.223)(y5 − y10)]
+ y11 + (1.193, 1.223)y12 − w1 ≤ 0,
[1.151(y1 − y6)+ 1.231(y2 − y7)+ 1.211(y3 − y8)+ (1.214, 1.261)(y4 − y9)
+ (1.152, 1.222)(y5 − y10)]− [(1.192, 1.215)(y1 − y6)+ (1.192, 1.215)(y2 − y7)
+ (1.192, 1.215)(y3 − y8)+ (1.192, 1.215)(y4 − y9)+ (1.192, 1.215)(y5 − y10)]
+ y11 + (1.192, 1.215)y12 − w2 ≤ 0,
[1.213(y1 − y6)+ 1.163(y2 − y7)+ 1.112(y3 − y8)+ (1.188, 1.262)(y4 − y9)
+ (1.248, 1.304)(y5 − y10)]− [(1.185, 1.211)(y1 − y6)+ (1.185, 1.211)(y2 − y7)
+ (1.185, 1.211)(y3 − y8)+ (1.185, 1.211)(y4 − y9)+ (1.185, 1.211)(y5 − y10)]
+ y11 + (1.185, 1.211)y12 − w3 ≤ 0,
y1 + y6 ≤ 1/5, y2 + y7 ≤ 1/5, y3 + y8 ≤ 1/5, y4 + y9 ≤ 1/5, y5 + y10 ≤ 1/5,
yt , y12, wj ≥ 0, t = 1, . . . , 10, j = 1, . . . , 3,
y11 unrestricted in sign.
Based on (14), the lower bound of the objective value (risk) V L is solved as 0.636, which occurs at x∗1 = 38.20,
x∗2 = 45, x∗3 = 16.80, rˆ1 = 1.193, rˆ2 = 1.192, and rˆ3 = 1.185. The associated return from the portfolio is RL = 119.12.
Similarly, according to (18), the upper bound of the objective value (risk) VU is solved as 4.465. From the dual prices of
the optimal solution, we find that the primal solution is x∗1 = 39.76, x∗2 = 45, x∗3 = 15.24, rˆ1 = 1.223, rˆ2 = 1.215, and
rˆ3 = 1.211. The corresponding return from the portfolio is calculated as RU = 121.76. The values of RL and RU indicate
that the return from the portfolio of this problem is imprecise and lies in the range [119.12, 121.76]. Clearly, the higher risk
derives a higher return in this example, and the result conforms to a fundamental idea in finance.
5. Conclusion
Financial investments are especially important for individual and business financial managers because of low interest
rates. Conventional portfolio optimization models have an assumption that the future condition of a stock market can be
accurately predicted by historical data. However, no matter how accurate the past data is, this premise will not exist in
financial markets due to changing environments. In contrast to previous studies, which utilize historical values of returns
to derive an optimal investment portfolio for the future, this paper develops a solution method for the uncertain portfolio
selection problem whose investment returns are represented as intervals. The idea is to find the upper bound and lower
bound of the return from the portfolio by employing the two-level mathematical programming technique and mean-
absolute deviation risk function. Using the duality theorem and applying the variable transformation technique, the two-
level mathematical programs are transformed into a pair of one-level conventional linear programs so that the return from
the portfolio can be easily calculated. The derived results are also in ranges.
We utilize an example to illustrate the idea proposed in this paper and show that the return of the portfolio problem is
indeed in a range. The calculated results conform to an essential idea in finance and economics that the greater the amount of
S.-T. Liu / Journal of Computational and Applied Mathematics 235 (2011) 4149–4157 4157
risk that an investor iswilling to take on the greater the potential return. The ability to calculate the bounds of the investment
return developed in this paper might help initiate wider applications in portfolio selection problems.
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